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A solution is presented for the problem of the nonsteady temperature 
field in a system consisting of a metal and a moving heat carrier. 
Flow in symmetrical plane (and cylindrical) channels is considered. 
The problem is solved by an operational method using a Laplace- 
Carson functional transform. 

In solving variotts the rmophys ica l  p rob l ems ,  it is  
often n e c e s s a r y  to inves t iga te  the nonsteady t e m -  
p e r a t u r e  f ields in  a sy s t em compr i s ing  a meta l  and a 
moving h e a t - t r a n s f e r  agent for  given condit ions at 
the ins ide  and outside channel  wal ls .  This  n e c e s s i t y  
a r i s e s ,  for example,  in inves t iga t ing  the dynamic  
p r o c e s s e s  in hea t -exchange  equipment  and connect ing 
channel  s. 

Consider  a plane s y m m e t r i c a l  channel  (figure, a) 
through which flows a h e a t - t r a n s f e r  agent whose i n i -  
t ia l  t e m p e r a t u r e  s ta te  is  cha r ac t e r i z ed  by the zero 
t e m p e r a t u r e  d i s t r ibu t ion ,  while the outer  su r face  is 
ideal ly  insula ted .  The geomet r i c  c h a r a c t e r i s t i c s  of 
the channel  a re  as follows: 0 _< x < +~o; - ~  < z < + ~ ;  
- L  - 6 _<_ y _< L + 5; the th ickness  of the meta l  wall  is  
equal to 5. 

If at a given ins tan t  t he re  is a sudden change, for 
example,  an i nc r ea se ,  in  the t e m p e r a t u r e  of the hea t -  
t r a n s f e r  agent at the channel  inlet ,  it is  seen that,  as 
the h e a t - t r a n s f e r  agent moves along the channel,  it 
heats  the meta l  of the wal ls .  

We a s sume  that :  the conductive heat  t r a n s f e r  along 
the channel  is negl ig ib ly  sma l l ;  the specif ic  weight and 
m a s s  specif ic  heat of the h e a t - t r a n s f e r  agent, the 
t h e r m a l  conduct ivi ty  of the metal ,  the coefficient  of 
heat t r a n s f e r  f r o m  the h e a t - t r a n s f e r  agent to the 
metal ,  and the r a t e  of flow of the h e a t - t r a n s f e r  agent 
in the channel  a re  constant  throughout  the t r a n s i e n t  
p r o c e s s ;  the amount  of heat  t r a n s f e r r e d  f rom the 
h e a t - t r a n s f e r  agent to the meta l  is  p ropor t iona l  to the 
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Plane  and cy l indr ica l  s y m m e t r i c a l  channels :  
a) plane; b) cy l indr ica l .  

coefficient  of heat  t r a n s f e r  f r o m  the h e a t - t r a n s f e r  
agent and the inne r  su r face  of the channel  wal l ;  the 
t e m p e r a t u r e  of the h e a t - t r a n s f e r  agent is  averaged  
over  the channel  c ross  sect ion (this a s sumpt ion  is  
val id for highly tu rbu len t  flows); the t e m p e r a t u r e  
f ie lds  of the heat  t r a n s f e r  agent and the meta l  in  any 
sect ion z = const  coincide.  

If now, in view of the s y m m e t r y  of the p rob lem,  we 
cons ider  half  the channel ,  locat ing the coordinate  
or ig in  at the point x = 0, y = L, z = const  and specify 
at the inle t  a constant  pe r tu rba t ion ,  equal to unity,  
with r e spec t  to the t e m p e r a t u r e  of the h e a t - t r a n s f e r  
agent,  then the nonsteady t e m p e r a t u r e  f ields in the 
h e a t - t r a n s f e r  agent and the meta l  a re  ma themat i ca l ly  
desc r ibed  by a f i r s t - o r d e r l i n e a r  equat ion-- the  equation 

of heat  propagat ion in  the h e a t - t r a n s f e r  agent [1]: 

aO O0 a 
w ax + at ~LC (O--Tl~=o) (1) 

with the following boundary  condi t ions:  

0Ix=0 = 1, 0lt=o = 0 (2) 

and by the l i n e a r  equation of heat  conduction with 
boundary  condit ions of the th i rd  kind [2]: 

aT O~T 
- -  = a - -  ; ( 3 )  
at ay ~ 

- -  ~" ogOTT y=O = a (0 - -  Tly=o), ~[ 

~. (4) 
OT = O, T It=o = 0. [ 
a g  y = 5  

Given this  desc r ip t ion  of the h e a t - t r a n s f e r  p roces s  
in the channel ,  it is poss ib le  to d i s t inguish  a s e r i e s  of 
c h a r a c t e r i s t i c  t i m e s :  a) the t i m e  of propagat ion  of the 
input s ignal  along the channel ,  TW (de te rmined  by the 
flow veloci ty  of the h e a t - t r a n s f e r  agent);  b) the t ime  
of heat t r a n s f e r  f r o m  the f luid to the meta l ,  Tc~ (de te r -  
mined  by the coeff icient  of heat t r a n s f e r  f rom the 
h e a t - t r a n s f e r  agent to the meta l ) ;  and c) the t ime  of 
heat  propagat ion  in the meta l ,  T k (de te rmined  by the 
t h e r m a l  conduct ivi ty  of the metal) .  

In a n u m b e r  of cases ,  depending on the r e l a t ionsh ip  
between these  t i m e s ,  the hea t -conduc t ion  equation is 
e l imina ted  f r o m  the ma thema t i ca l  model  fo rmula ted  
above. 

These  cases  a r e :  
1) T~, ~-X'~ 0; ~w-< M, where  M is a ce r ta in  

constant .  In this  ease ,  the metal  of the channel  is  
combined with the h e a t - t r a n s f e r  agent.  
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2) r w ~ 0; Ta-< M; ~;~ _< N, where  N is a ce r ta in  
constant .  If the ent i re  dynamic p roc e s s  in question is 
of only slight duration,  the heat conduction equation 
can be e l iminated f r o m  the mathemat ica l  model .  

If the cha rac t e r i s t i c  t imes  a r e  equal, or  TW is 
suff iciently l a rge  (as compared  with TC~ and ~'X), the 
heat -conduct ion  equation cannot be neglected.  In this 
case ,  an approximate  solution is obtained, for  ex-  
ample,  b y  dividing the wall metal  into a number  of 
regions ,  with given t e m p e r a t u r e  distr ibution,  i .e. ,  
the heat -conduct ion  equation is r ep laced  by a sy s t em 
of o rd ina ry  differential  equations.  

In all the cases  cons idered  above, de termining the 
cor responding  e r r o r  is quite a compl ica ted  ma t t e r ;  
the re fore ,  t he re  is some  in te res t  in finding an exact  
analyt ic  solution for  subsequent compar i son  with the 

simplif ied models .  
There  follows a solution in quadra tures  giving the 

nonsteady t e m p e r a t u r e  fields for  a h e a t - t r a n s f e r  agent 
flowing in a plane o r  cyl indr ical  s y m m e t r i c a l  channel. 

Plane s y m m e t r i c a l  channel. The nonsteady t e m -  
pe ra tu re  fields of the h e a t - t r a n s f e r  agent and the 
metal  for a plane s y m m e t r i c a l  channel a re  descr ibed,  
with the given assumpt ions ,  by Eqs.  (1)-(4). 

The solution of  sy s t em (1)-(4) is found by means of 
a Lap l ace -Ca r son  functional t r a n s f o r m .  In the t r a n s -  
f o r m  region,  it has  the solution 

0-(x, p) = exp { - - - ~ }  • 

W J n=l tan (p + Bn) ' 

(x, y, p) = ~ (x, p) x 

(6) 

t 

V ~  
0 

~ t 

= ak+ 1 kl (k + 1) (8) 
n " 

k = O  0 

Functions of this  type have been invest igated quite 
thoroughly and tabulated (see [4, 5]). 

Using the ru le  for  finding the inve r se  t r a n s f o r m  
f r o m  a t r a n s f o r m  product  [3], and denoting by St the 
opera to r  of success ive  convolution of the functions On 
with differentiation, i .e. ,  

2 d ! 
s~ R o~ = -~- j o~ ( t -  ~) o~ (~) d ~, 

n = l  0 

S t [ 7 O n = ~ - .  Oa(t--q) ~q 02(q--~)O~d~ dq, 
n = l  0 0 

. . . . . . . . . . . . . . . . . . . . . .  . �9 . 

S t O,~=L -1 exp a~(p+Bn)  ' 
n = l  

we wri te  the solution for  the t e m p e r a t u r e  of the hea t -  
t r a n s f e r  agent and the metal  wall in the f o r m  

X 0 at t < - - ,  
~0 

~ - - 1  

r (x, y, t )=  

dt �9 
0 n = l  

Here,  

a 2 sin [2~.] 
k = - - ;  An= y LC 2~n + sin [2P~n] 

w a &2 n 
a n= kxAnB. ; Bn= 68 ; 

#n a re  the roo t s  of the t ranscendenta l  equation 

1 
ctg ~ = -=:- ~, 

B I  

whose solution is given, fo r  example,  in [2]. The 
inverse  t r a n s f o r m  of the n- th  t e r m  of the infinite 
product  

1 Bn)} 6 eXP{an(p+ 
n = l  

If we now consider  the p rob lem with a var iab le  t e m -  
pe ra tu re  at the channel inlet 0in(t), we can wri te  the 
solution for  the tempera tu i :e  of the h e a t - t r a n s f e r  agent 
and the metal  in the f o r m  

~(x, t )= -~ -  O(x, ~)O..(t--~)d~, (12) 
0 

~" (x, y, t)= 

_ d  i l l _  2 * " e x P I - - " " ( t - - ~ ) } ]  ~(x, ~)d~. (13) dt 
0 n = l  

In (11) and (13), 

2 sin [~.l cos [p~. - ~  --~ ] 

~t n + sin[~,d eos[~.] 

is found in the f o r m  [3] 

1 
O.(x, t) = L-l [exP {an(p + Bn) }] = 

Cylindr ical  s y m m e t r i c a l  channel.  We now cons ider  
a s y m m e t r i c a l  cylindrical '  channel (figure, b) s e m i -  
infinite in the d i rec t ion  of the x-ax is .  The th ickness  
of the metal  wall is equal to r 2 - r 1. 
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With the same assumptions as for the plane channel, 
the mathematical model describing the nonsteady tem- 
perature fields in a cylindrical symmetrical channel 

has the form: 
the equation of heat transport in the moving heat- 

transfer agent 

O0 O0 - - a 2 ~ r l  
w ---tOx at - v s C  [ 0 - - T I  . . . .  1, (14) 

the  b o u n d a r y  and ini t ial  condi t ions  

0]~=0 = 1, %=0 -- 0, (15) 

the  hea t  conduc t ion  equat ion  fo r  the  m e t a l  of the  
cy l inde r  in cy l i nd r i ca l  c o o r d i n a t e s  

OT : a  - -  - -  r . (16) 
Ot r Or 

the  b o u n d a r y  and ini t ia l  condi t ions  

= a [0 --  TI . . . .  1, 

(17) 
OTor ~=~ = 0, Tlt= o =0 .  

We find the  so lu t ion  fo r  the  t e m p e r a t u r e  0 (x, t) of  
the h e a t - t r a n s f e r  agent  and the  t e m p e r a t u r e  T(x, r ,  t) 
of the  me ta l .  

The  c o n s t r u c t i o n  of the  solut ion fo r  s y s t e m  (14) -  
(17) is ana logous  to the c a s e  of a p lane  s y m m e t r i c a l  
channel ;  t h e r e f o r e ,  omi t t ing  the  i n t e r m e d i a t e  c a l c u -  
l a t ions ,  we have  

( x 
0 at  t < - - ,  

• S t ~,, x, t - -  at t >  x ~ ,  
I n ~ I  7j2) 

7 ~ (x, r, t ) =  

dt o 
0 n = l  

In the  case  of a v a r i a b l e  inle t  t e m p e r a t u r e  0in(t),  

d 
i 0 (  x, ~)0'~x(t--~)d~, (20) ~ (x, t) = -d-i- ~ . . . .  

"F (x, r, t ) =  

d i [ l _ _ 2 E . e x p { _ _ F . ( t _ _ ~ ) } ]  O(x, ~)d~.  (21) 
dt , 0 n ~ l  

The fo l lowing no ta t ion  has  been  u s e d  in Eqs .  ( 18 ) -  
(21): 

x). (x, t ) =  3" exp{--F.~}V_g~ 

0 

' , + ' ,  

J~ 
R (r, IX,,) = i  ~ -  

2 
Ixn a 

F,~ = --~--1' gn ~ kxD- .F . '  

D .  -- R (rx, IX.) , E .  R (r, IX.) , 
F~Z' (it.) F .Z '  (~.) 

[J1 (m it,) No (d IX,) - -  J0 (d IXn) N, (m it,)], 

d .-= r G 
r l  r l  

Z' (ix,,) = i - -  - -  x 
2 2a 

L rl [j~ (its) N1 (m IX~)-- J~ (m IX.) N; (it.)l -- X ~ 
Ct 

r2 |j; (m it.) NI (IX.) -- & (it.) NI (m IX.)I + 
a 

' ! N 

X [J1 (m its) N1 (it.) - -  J~ (IX.) N1 (m ~) l  - -  

r~r2 [l'l (m IX,) No (it,) - -  Jo (~,) N; (m itn)l/, 
IX, J 

2Ji (m IX.) = Jo (m IX.) - -  J ,  (m IX.), 

2s~ (ix.) = J0 (ix~) - s~ (ix.), 

2NI (9.) = No (IX.) - -  N~ (its), 

2N~ (m it.) ---- No (m it,~) - -  Nz (m IX.). (22) 

#n a r e  the  r o o t s  of the  fo l lowing  t r a n s c e n d e n t a l  
equa t ion :  

Jo (IX) N1 (m IX) - -  No (it) J1 (m it) 1 
J~ (it) N~ (m IX) - -  N1 (it) 51 (m IX) = - -  -B~" it, (23) 

here, 

The g iven  equa t ion  has  a d e n u m e r a b l e  se t  of p o s i -  
t ive  r o o t s  

0 ~ i t 1 ~  IX2 ~ ... ~ I X , ~  ... 

The f i r s t  a p p r o x i m a t e  value  of #n can be d e t e r -  
m i n e d  g raph i ca l l y ,  fo r  e x a m p l e .  The z e r o s  on the  
l e f t - h a n d  s ide  of Eq. (23) a r e  d e t e r m i n e d  f r o m  the  
so lu t ion  of the  equa t ion  

Jo (I x) N1 (m IX) - -  N O (IX) J~ (m it) = O, (24) 

and the  points  at  which  the l e f t - h a n d  s ide  goes  to inf in-  
i ty  f r o m  the so lu t ion  of the equa t ion  

gl (IX) N1 (m ix) - -  N1 (IX) J1 (m it) = 0. (25) 

The f i r s t  s ix  r o o t s  of Eqs .  (24) and (25) fo r  v a r i o u s  m 
a r e  p r e s e n t e d  in [6]. 

The f o r m  of so lu t ions  (10) - (13)  and (18)-(21)" i s  
qui te  c o m p l i c a t e d .  This  appl ies  p a r t i c u l a r l y  to the 

c o n s t r u c t i o n  of the func t ions  S t [-] 0.  and S t [7 ~ . ,  
n = l  n ~ l  

when it is  n e c e s s a r y  to c a r r y  out  convolu t ion  of the 
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functions On or ~n with subsequent differentiati~m For 
the begi.~ing of the transient process,  this complexity 
can be eliminate d by using the asymptotic representa-  
tion of a Bessel fgncti0n of imaginary argument I v in 
the neighborhood of zero [6]: 

then 

t 

O.(x ,  t ) ~  f exp{-Bn~} V / - T d ~ + l =  

0 

= 1 + kx  A n [ l _ _ e x p { _ _ B n t } ] .  (27) 

The approximate form of the functions 0n(X, t) ob- 
tained makes it possible to perform the operations of 
integration and differentiation quite simply, the region 
of application of formula (27) being determined by the 
region of applicability of expression (26). 

In conclusion, we note that if we content ourselves 
with the f irst  te rms of the expansion, i.e., if we write 
the solutions in the form (e.g., for the case of a plane 
channel and unit perturbation at the inlet) 

[ 0  a t  t <  x , 

0 (x, t) = l w (28) 

V y, 0 = 

d ( [1--q91exp{~Bl(t--~)}] O(x, ~) d ~ ;  
dt , 

0 

(29) 

we see that, physically, this corresponds to the case 
of a thin, highly heat-conducting channel wall. Similar 
problems were examined, for example, in [7, 8, 9]. 

NOTATION 

0in is the temperature of the heat- t ransfer  agent at 
the channel inlet; 0 and T are, respectively, the tem- 
peratures of the heat- t ransfer  agent and of the metal 

for unit jump in inlet temperature;  0 ~ and T ~ are the 
same for an arb i t rary  change in inlet temperature; Bi 
is the Blot number; ~ is the coefficient of heat t rans-  
fer from heat- t ransfer  agent to channelwall; C, % and 
w are, respectively, the specific heat, specific weight, 
and velocity of the heat - t ransfer  agent; ~ and a are, 
respectively, the thermal conductivity and thermal 
diffusivity of the metal; t is the time; x, y, and z are 
coordinate axes; r is the variable radius; r 1 and r 2 
are, respectively, the inside and outside radii of the 
cylinder; s is the cross-sect ional  area of the heat- 
t ransfer  agent in the cylindrical channel; 2L is the 
width of the plane channel; 6 is the thickness of the 
plane channel wall; L -1 is the Laplace-Carson inverse 
t ransform operator; Ju(x), Nv(x), Iv(x)are  the cylin- 
drical Bessel and Neumann functions and the Bessel 
function of imaginary argxtment, respectively. 
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